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SCHEME FOR PT-SYMMETRIC OPERATORS 
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Abstract. Generalized 'PT-synimetric operators acting an a Hilbert 
space are defined and investigated. The case of T-'T-symmetric 
extensions of a symmetric operator S is investigated in detail. The 
possible application of the Lax-Phillips scattering methods to the 
investigation of 'PT'-symmetric operators is illustrated by consid- 
ering the case of 0-perturbed operators. 



The employing of non-self-adjoint operators for the description of 
experimentally observable data goes back to the early days of quantum 
mechanics. Nowadays, the steady interest in this subject grew con- 
siderably after it has been discovered numerically [TT] and rigorously 
proved [S] that the spectrum of the Hamiltonian 



is real and positive. It was conjectured [llj that the reality of the 
spectrum of i/ is a consequence of its "PT-symmetry: 



where the space reflection (parity) operator V and the complex con- 
jugation operator T are defined as follows: (Vf){x) = f{—x) and 
iXf){x) = f{x). This gave rise to a consistent complex extension of 
conventional quantum mechanics into VT quantum mechanics (PTQM), 
see e.g. the review papers [HI [25] and the references therein. 

In general, the Hamiltonians of PTQM are not self-adjoint with re- 
spect to the initial Hilbert space's inner product but they possess a 
certain 'more physical property' of symmetry, which does not depend 
on the choice of inner product (like the above "PT-symmetry property). 
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1. Introduction 




< e < 2 




VTH = Hvr, 
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Typically, PT-symmetric Hamiltonians can be interpreted as self- 
adjoint ones for a suitable choice of Krein space (for the definition of 
Krein space see Sect. 2). For instance, the "PT-symmetric operator 
H in (11. ip turns out to be self-adjoint with respect to the indefinite 
metric 

/oo 
f{-x)'^)dx, f,geL2{R). 
-oo 

The space L2(M) with the indefinite metric [■, -j-p is the Krein space 
(L2(M), [■, -jp). Hence, H is self-adjoint in the Krein space (L2(M), [■, ■]-p). 

However the self-adjointness oi H in a Krein space cannot be sat- 
isfactory because it does not guarantee the unitarity of the dynamics 
generated by H. To do so one must demonstrate that H is self-adjoint 
on a Hubert space (not on a Krein space!). This problem can be over- 
come for an operator H, which is self-adjoint with respect to an indef- 
inite metric [■,■], by finding a new symmetry represented by a linear 
operator C and such that the semilinear form (-, ■)c := [C-, ■] is a (pos- 
itively defined) inner product and H turns out to be self-adjoint with 
respect to {■,-)c 

The description of a symmetry C for a given PT-symmetric Hamil- 
tonian H is one of the key points in PTQM. Because of the complexity 
of the problem (since C depends on the choice of H), it is not surpris- 
ing that the majority of the available formulae are still approximative, 
usually expressed as leading terms of perturbation series [9l [12] . 

In the present paper we are going to investigate the problems men- 
tioned above for "PT-symmetric operators in some abstract setting. 
This is a natural problem because various Hamiltonians H of PTQM 
have the property of PT-symmetry realized by different operators P 
and T. 

The concept of PT-symmetry can be easily formulated for the gen- 
eral case of a linear densely defined operator H in an abstract Hilbert 
space with the use of an unitary involution P and a conjugation 
T operator both acting in i^; see. Subsection 2.1 and Definition 12.11 
Beginning with this definition we study PT-symmetric extensions of 
a symmetric operator S acting in a Hilbert space assuming ad- 
ditionally that S commutes with the elements of the Clifford alge- 
bra Cl2(V,7l). Such kind of restrictions are motivated by the PT- 
symmetric Hamiltonians appearing due to non-self-adjoint boundary 
conditions for Schrodinger operators with singular potentials [H [5l [6l 
El [27!. 

The Clifford algebras technique is relevant for PT-symmetric studies 
[IT] and it allows one to interpret PT-symmetric extensions of S as 
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self-adjoint operators in Krein spaces (i3,[-,-]-pJ with involutions 
constructed in terms of Cl2(V,7V); see Theorem 12.101 

Our studies show that the 'physical' condition of PT-symmetry 
leads, in many cases, to a simplification of the mathematical results. In 
particular, the condition of "PT-symmetry imposed on operators C from 
Cl2(V,7l) leads to the very simple presentation C = e'^^^^^P^ given by 
Lemma [2.7[ This allows one to establish a clear relationship between 
PT-symmetric extensions H of S and the corresponding C-symmetries, 
see Theorem 12.121 

In the second part of the present paper we apply the Lax-Phillips 
scattering method [23] to the investigation of PT-symmetric operators. 
Our approach is based on an operator-theoretical interpretation of the 
Lax-Phillips scattering scheme developed in [201 E]- We present ex- 
plicit formulas for an analytical continuation of the scattering matrix 
and consider in detail the case of 0-perturbed PT-symmetric operators, 
see Section 4. 

Throughout the paper, T>{A) and TZ{A) denote the domain and the 
range of a linear operator A, respectively. A \d means the restriction 
of A onto a set V. 

2. Abstract PT-symmetric operators 

2.1. Preliminaries. Let be a complex Hilbert space with inner 
product (■, ■) linear in the first argument. A linear operator P defined 
on is called unitary involution if 

{{} r' = I, (n) {Vf,Vg) = {f,g) (2.1) 

for all f,g E S). It follows from (12. ip that P is simultaneously self- 
adjoint and unitary. 

Let JT" be a unitary involution in S). The Hilbert space endowed 
with the indefinite metric 

[f,9]j--= iJf.g) 

is a called a Krein space [3 [13] and it will be denoted by (i^i, [■, 

A modification of condition (ii) in (12. ip leads to the definition of the 
conjugation operator. An operator T defined on is called conjugation 
if 

(z) 7^ = 1, in) {rf,rg) = {g,f) (2.2) 

for all f,g E S^. The conjugation operator is bounded in but, in 
contrast to the case of an involution, it is anti-linear in the sense that 

m 

T{af + l3g)=aTf + ^Tg, a,/3eC, f,geSj. (2.3) 
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Let US fix a unitary involution V and a conjugation T in assuming 
that V and T commute^ that is, VT = TV. This means that VT is 
also a conjugation. 

Definition 2.1. A closed densely defined linear operator H in S) is 
called VT -symmetric if the relation 

VTH = HVT (2.4) 

holds on the domain V{H) of H. 

Remark 2.2. In what follows we will often use operator identities like 

XA = BX, (2.5) 

where A and B are (possible) unbounded operators in a Hilbert space 
Sj and X is a bounded operator in i^. In that case, we always assume 
that l[275\) holds on V{A). This means that X : V{A) V{B) and the 
identity XAu = BXu holds for all u G ^{A). If A is bounded, then 
(12.51) should hold on the whole 

In particular, relation ( 12. 4 p means that the conjugation VT maps 
V{H) onto V{H) and VTHf = HVT f for all / G V{H). 

Lemma 2.3. // H is VT-symmetric in a Hilbert space S), then its 
adjoint operator H* is also VT-symmetric. 

Proof. Let H be PT-symmetric. It follows from (12. ip . ( 12. 2p . and 
(I23D that for all / G V{H) and all g G V{H*) 

{VTHf,g) = {HVTf,g) = {VTf,H*g) = {VTH*g,f). 

On the other hand, 

iVTHf,g) = iTHf,Vg) = iTVg,Hf) = iVTg,Hf). 

Comparing the obtained relations, we conclude that VTg G T>{H*) 
and VTH*g = H*VTg for all g G V{H*). Hence, the adjoint operator 
H* is also PT-symmetric. Lemma 12.31 is proved. ■ 

Remark 2.4. Recently, the similar statement was established in [8] for 
the particular case of space parity operator V and complex conjugation 
T acting in L2(M). 

In general, PT-symmetric Hamiltonians admit the interpretation as 
self-adjoint operators in a Krein space However, the in- 

definite metric can not necessarily be defined hj J = V ^ 

|25] . In particular, for certain models [17], the corresponding VT- 
symmetric Hamiltonians can be interpreted as self-adjoint operators 
in Krein spaces (io, [•, -{j) with involutions J constructed in terms of 
complex Clifford algebras. 



LAX-PHILLIPS SCATTERING SCHEME FOR PT-SYMMETRIC OPERATORS 5 
Let V and TZ be anti-commuting unitary involutions in i^, that is, 

vn = -nr. (2.6) 

The operators V and TZ can be interpreted as generating elements of 
the complex Clifford algebra CkiV, 7^) := span{/, V, 7^, iVTZ} [HI [2l]. 

The operators I,V,7l, and iVTZ are linearly independent (as a con- 
sequence of (12. 6p ) and every operator J' G Cl2(V,7l) can thus be pre- 
sented as 

J = aol + aiV + + asiTZV , aj e C. (2.7) 

An operator J' defined by (12. 7p is a non-trivial unitary involution in 
(that is, J' 7^ ±J) if and only if 

J = aiV + + a^iRV, (2.8) 

where Uj G M and a\ + a\ + a\ = 1. The formula (12. 8p establishes a one- 
to-one correspondence between the set of non-trivial unitary involutions 
J' in Cl2(V,7l) and vectors a = {ai,a2,as) of the unit sphere in 

In what follows we suppose that the generators V and TZ of the 
Clifford algebra Cl2{V,7l) commute with the conjugation T: 

vr = TP, nr = rn. (2.9) 

Lemma 2.5. A non-trivial unitary involution J G Cl2{V,TZ) is VT- 

symmetric if and only if there exists ^ G [0, 27r) such that 

J = r^ = e'^^V, (2.10) 
where e*^^ is defined by the norm convergent series } —^^TZ^ in Sj. 

n=0 

Proof. If Vi^ = e'^'^V, then P| = Ve''^'^ = e~*^^P = V^, where the 
second equahty holds due to (12. 6 p and 

(the second equality in the latter equation holds for the same reason 
as before). Hence, is a unitary involution. 

Conversely, a non-trivial unitary involution J' G Cl2{V, TZ) is defined 
by (12. Sp . Applying the operator VT to both sides of (12.80 and using 
(12. 6p and (12. 9p . we obtain that the operator J' is PT-symmetric if and 
only if a2 = 0, that is JT" = aiV + a^iTZV, where af + al = 1. 

Denote ai = cosC, and = sin^, where ^ G [0,27r). Then 

J = [cos^]V + i[sm^]nV = ([cos^]/ + ^[sin^]7^)P = e'^'^V. 
Lemma 12.51 is proved. ■ 
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In many cases, a "PT-symmetric operator H can be realized as a 
self-adjoint operator in a Krein space [■, for a special choice of 
unitary involution J G Cl2{V,TZ). The next result shows that we do 
not need to check this property for all J' from the general formula fl2.8p . 

Lemma 2.6. // a VT -symmetric operator H is self-adjoint in a Krein 
space (io, [■, -Ij) with unitary involution J defined by Ii2.8\) . then H will 
also he self-adjoint in the Krein space (i^, [■, -jp^) for a certain choice 
ofV^ defined by [2JU) . 

Proof. The self-adjointness of H in the Krein space is 
equivalent to the following identity [7|: 

JHf = H*Jf, \/feV{H), (2.11) 

where H* is the adjoint of H in the Hilbert space S). 

According to Lemma 12.31 H* is PT-symmetric, that is VTH* = 
H*VT holds on V{H*). Then, applying the bounded operator VT to 
both sides of (12.111) and taking (12. 8p . (12. 9p into account, we obtain that 

JHVTf = H*JVTf, V/ G V{H), (2.12) 

where = aiV — a2Tl + a^ilZV. 

Since H is PT-symmetric, the conjugation VT maps T>{H) onto 
T>{H). Therefore, (12.121) can be rewritten as 

JHf = H*Jf, WfeViH). 

Summing the obtained relation with (12.111) and recalling that JT" is 
defined by ([23]), we obtain {a^V + a^inV)Hf = H*{aiV + a3inV)f 
or 

V^Hf = H*VJ, V/ G V{H), 

where 

V^ = , V + , inV = ([cos^]/ + i[sm^]n)V = e'^'^V. 
V 1 - ai V 1 - 

Therefore, H is self-adjoint in the Krein space {Sj, [■, -jv^)- Lemma [2.61 
is proved. ■ 

2.2. The operators C. Showing that a PT-symmetric operator H 
turns out to be self-adjoint in some Krein space (i^, [■, -jp^) is mathe- 
matically significant, but we have still to show that H can serve as an 
Hamiltonian for quantum mechanics. To do so one must demonstrate 
that H is self- adjoint on a Hilbert space (not on a Krein space!). This 
problem can be overcome for a PT-symmetric operator H by finding 
a new symmetry represented by a linear operator C, which commutes 
with both the Hamiltonian H and the VT operator. More precisely. 
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suppose we can find a bounded operator C [C ^ ±/) in obeying the 
following three algebraic equations: 

C2 = J, CVT = VTC, CH = HC. (2.13) 

The third relation in fl2.13p should hold on V{H), see Remark 12.21 

We will say that H possesses the property of C-symmetry if relations 
f l2.13p are true. 

We are aiming now to analyze conditions f l2.13p assuming addition- 
ally that C eChiV.n). 

Lemma 2.7. An operator C G Cl2{V,TZ) (C ^ ±1) satisfies the con- 
ditions = I and CVT = VTC if and only if there exist x G M and 
^ G [0, 27r) such that 

C = e^^^^^P^ (2.14) 
(where the exponential is again defined by the corresponding norm con- 
vergent power series). 

Proof. The operator is PT-symmetric by Lemma 1?^ and VTiTZ = 
inVT due to (ESD and (jM])- Therefore, VT xiT^V^ = X^T^'P^PT and 
C = e^*^^^P^ is PT-symmetric. 

It follows from ([2SD and f ETTU]) that V^TZ = -TZV^. Hence, 

Conversely, according to (12.71) . an operator C G Cl2{V,7l) has the 
form 

C = aol + aiV + a2n + a3inV, aj E C. (2.15) 
Using (12.61) it is easy to verify that the relation = I [C ^ ±/) is 
equivalent to the conditions ao = and al-\-al-\-al = 1. Furthermore, 
the additional condition of PT-symmetry CVT = VTC and (12. 9p mean 
that «! = «!, 02 = — 02, and 03 = ^3. Set a'2 = i(y.2- Then the 
coefficients ai, tt2, as are real and + a| — a'2 = 1. 

Denote + q;| = cosh^ x and a2 = sinh^ where x ^ I^- Then 

«! = cos ^ cosh X, as = sin ^ cosh x, a2 = i sinh x 

for some f G [0,27r). Substituting the obtained expressions into (I2.15P 
and using (I2.10p . we obtain 

C = [cosh x]V^ + «[sinh x]7^ = ([cosh x]/ + [sinh x]'iTZVdPi = e^'^'^^V^. 

Lemma 12.71 is proved. ■ 

Let us assume that a "PT-symmetric operator H can be interpreted as 
a self-adjoint operator in the Krein space (i^, [■, -J-p^). This is equivalent 
to the identity: 

V^Hf = H*VJ, WfeV{H), (2.16) 
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where the adjoint H* is understood in the sense of the initial inner 
product (■, ■) in [7]. In this case the commutation relation 

HCf = CHf, WfeViH), 

where C = e^^'^^V^ (see (EUD), means that H can be realized as a 
self-adjoint operator in the Hilbert space Sj endowed with the new inner 
product [3] 

{.,.)c = [C;-]r, = {V^C;-) = {e-^^'^'P^;-). (2.17) 

Since iTZV^ is a bounded self-adjoint operator in io, the operator 
g-x«^Pe has the bounded inverse e^^^^^ . Therefore, the inner product 
(■, ■)c is equivalent to the initial inner product (■, ■) in L2(M) . 

2.3. Description of PT-symmetric extensions. Let 5" be a closed 
densely defined nonnegative symmetric operator in the Hilbert space 
io. In what follows we suppose that S is VT -symmetric, that is, the 
identity VTSf = SVTf holds for all / G T>{S). According to Lemma 
12. 3[ the adjoint operator S* is also PT-symmetric, that is, VTS*g = 
S*Vrg holds for all g e V{S*). 

Lemma 2.8. If a nonnegative symmetric operator S is VT -symmetric, 
then its Friedrichs extension is also VT -symmetric. 

Proof. Since the operators 5" and S* are "PT-symmetric and S C 
C S* , the property of PT-symmetry of H^: 

VTHJ = H^,Vrf, V/ e V{H^) 

is equivalent to the relation 

Vr:V{H,)^V{H^). (2.18) 

It is well known US] that V{H^) = VonV^S*), where Vq C Sj is the 
closure of V^S) with respect to the norm || ■ ||o = {{S + /)■, ■). 
Since VT : T>{S) — )■ '^'(5') (due to PT-symmetry of 5") and 

WVTfWl = {{s + i)vrf, vTf) = (/, {s + /)/) = 11/11^ 

the set T>Q is invariant with respect to VT. On the other hand, VT : 
V{S*) V{S*) (due to "PT-symmetry of S*). Combining the obtained 
relations we deduce that relation f l2.18p holds. Lemma 12.81 is proved. ■ 
Denote H = ker{S* + I). Then V{S*) = V{H^)+n and, hence, an 
arbitrary function / G V{S*) is uniquely decomposed as follows: 

f = u + h, ueV{H^), hen. (2.19) 

The decomposition (12.191) allows one to define the linear mappings 
To and Li from V{S*) into 

Tof = h, T^f = Pu{H^ + I)u, feV{S*), ueViH^), (2.20) 
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where P-u is the orthogonal projector onto the subspace in Sj. 

The triple {'H,Tq,Ti) is called the positive boundary triplet of S* 
associated with the Friedrichs extension [T6] . 

It follows from fl2.19p and fl2.20p that an arbitrary intermediate ex- 
tension H of S (that is, S G H C S*) with -1 G p{H) (where p{H) 
denotes the resolvent set of H) is defined as follows: 

H = S* hiH), V{H) = {fe V{S*) : TT,f = To/}, (2.21) 

where T is a bounded operator in "H. 

The formulas f l2.20p enable one to establish the following relationship 
between H and T in f ET]) : 

T=[iH + I)-'-iH, + I)-'] \n. (2.22) 

Lemma 2.9. Let H be defined by 1^2. 2 Then H is VT- symmetric if 
and only if the bounded operator T is VT -symmetric. 

Proof. Since S* commutes with VT (in the sense specified before 
Lemma [2.8p . the subspace "H is invariant with respect to VT, that is, 
VTT-i = "H. This means that the restriction of VT onto "H gives rise 
to a conjugation operator in "H. Taking into account Lemma [2.81 and 
decomposition f l2.19p . we conclude that the mappings Fq, Fi defined 
by fl2.20p commute with VT: 

VTTo = ToVT, VTTi = ViVT. (2.23) 

Let T be PT-symmetric, that is TVT = VTT. The operator H 
defined by flOTj) is PT-symmetric if and only if VT : V{H) V{H), 
c.f. ( I2.18p . This relation is equivalent to the identity TVT = VTT, in 
view of f l2.23p . Thus H is PT-symmetric. 

Conversely, if H is "PT-symmetric, then T is PT-symmetric due to 
Lemma [2.81 and relation (I2.22p . Lemma [2.91 is proved. ■ 

In what follows we suppose that S commutes with all elements of the 
Clifford algebra Cl2(V, IZ) or, that is equivalent, the operator identities 

SV = VS, STZ = TZS (2.24) 

hold on VIS). Considering the adjoint operators of both parts of fl2.24p 
and remembering that V and TZ are unitary involutions, we obtain that 
the following identities hold on V{S*): 

[svy = VS* = {vsy = s*v, (sny = ns* = {nsy = s*n. 

(2.25) 

Hence, the restrictions of V and TZ onto "H determine unitary involu- 
tions in "H (we will keep the same notations V and TZ for these restric- 
tions). 
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It follows from f l2.24p that the Friedrichs extension of 5" commutes 
with V and TZ. This allows one to establish an analog of fl2.23p : 

VVj = TjV, nVj = TjTZ, j = 0, 1, (2.26) 

where the restrictions of V and TZ onto H are anti-commuting unitary 
involutions in the Hilbert space "H. Therefore, the formulas (12. 7p and 
(I2.26P ensure a bijective correspondence between elements of the initial 
Clifford algebra Cl2(V, TZ) and then restrictions onto the auxiliary space 
%. In particular, for every defined by (I2.10p . we have 

V^T,=T,V^, J = 0,1. (2.27) 

Lemma 2.10. Let H be defined by ^2.21\l . Then H is a self-adjoint op- 
erator in the Krein space (i^, [■, -jp^) if and only if the bounded operator 
T in h2.21\) is self-adjoint in the Krein space (Ti, [■, -J-p^). 

Proof By virtue of (12.250 . the operator S* commutes with the gen- 
erators V and TZ of the Clifford algebra Cl2{V,7Z). This means that 
S* commutes with an arbitrary operator from Cl2{V, TZ). In particular, 
the relation 

V^S*g = S*V^g, 'ig G V{S*) (2.28) 

holds, where is defined by (I2.10p . 

The self-adjointness of H in the Krein space (i^, [■, -jp^) is equivalent 
to the identity (I2.16p . which is equivalent to the relation 

V(,:V{H) -^V{H*), (2.29) 

due to (12:281) and the relation S C H C S*. 

Since H is determined by (I2.2ip . the corresponding formula for H* 
takes the form 

H* = S* IviH*), V{H*) = {/ e V{S*) : TTi/ = Tq/}, (2.30) 

where T* is the adjoint of T in the Hilbert space T-L [16j. Combining 
(I2.2ip with (I2.30p and taking into account (I2.27p . we deduce that the 
relation (12.290 is equivalent to the condition TP^ = "P^T*, which means 
that T is self-adjoint in the Krein space (?^, [■, -Jp^). Lemma [2.101 is 
proved. ■ 

2.4. The case of deficiency indices < 2,2 >. 

Theorem 2.11. If a nonnegative symmetric operator S has deficiency 
indices < 2,2 > in S), then its arbitrary T^T -symmetric extension H 
defined by 112. 2 1\) can be interpreted as a self-adjoint operator in the 
Krein space {S^, [■, -j-p^) for a certain choice of C, E [0,27r). 
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Proof. According to Lemma 12.91 PT-symmetric extensions H oi S 
defined by f l2.2ip are described by PT-symmetric operators T acting 
m'H = kei{S* + I). 

Since S has deficiency indices < 2, 2 >, the dimension of "H is equal 
2. This means that the Clifford algebra €12(7^,71) with generators V 
and TZ considered on "H coincides with the set of all operators acting in 
"H. Therefore, 

T = aol + aiV + a2n + asinV, aj e C. (2.31) 
It follows from ([23D, O, and dOT]) that 

VTT = {aol + aiP - a27^ + aiinV)VT. 
Hence, T is PT-symmetric if and only if 

do = CKQ) Cil = oil-, 0L2 = —0L2-, CtS = «3- (2.32) 

Let the involution be defined by (12.1 Op . According to Lemma 
l2.1Ut the operator H is self-adjoint in the Krein space (i^, [■, -J-p^) if 
the operator T is self-adjoint in ("H, [■, -J-p^). The latter condition is 
equivalent to the operator identity TV^ = V^T* . A simple calculation 
shows: 

TV^ = Te'^'^V = T([cos C]V + i[sm ^]7^P) = [ai cos ^ + 03 sin ^]/+ 
[ao cos ^ + ia2 sin + [ia^ cos ^ — iai sin ^]7l+ [—ioi2 cos ^ + iaQ sin i]ilZV 
and 

Vi-T* = e'^^VT* = ([cos + i[sm ^]nV)T* = [ai cos ^ + 03 sin ^] J+ 

[ao cos ^ — 202 sin + [— ias cos ^ + iai sin ^]7?. + [ia2 cos ^ + zao sin ^]ilZV 

Comparing the obtained expressions and taking fl2.32p into account, 
we arrive at the conclusion that the PT-symmetric operator T is self- 
adjoint in the Krein space (7{, [■, -j-p^) if and only if 

«! sin^ = a3 cos^. (2.33) 

Thus, every PT-symmetric operator T can be interpreted as a self- 
adjoint operator in the Krein space {H, [■, -Jp^), where the parameter ^ 
is determined by f l2.33p . Theorem 12.111 is proved ■ 

Theorem 2.12. Let a VT -symmetric operator H he defined by ^2.21\) 
and let H he self-adjoint in the Krein space (i^, [-, -Jp^). Then H pos- 
sesses the property of C-symmetry with C = e^^^^^V^ if and only if the 
operator T in h2.21\] has the form 

T = PoI + ^iC, /?o, /3i eM. (2.34) 
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Proof. In view of Lemma I2.9[ operators H defined by (12.211) are 
PT-symmetric if and only if the corresponding operators T are VT- 
symmetric. The operators T act in the space "H and they are described 
completeljO with the help of fl2.3ip . 

Since = e^^^V, the unitary involutions and TZ anti-commute. 
Hence, they can be considered as generating elements of the Clifford 
algebra ChiV.Tl), that is, ChiV.Tl) = ChiV^.TZ). This means that 
the operator T given by fl2.3ip can also be rewritten as: 

T = f3oI + f3,V^ + ^2^ + f33inV^, gC (2.35) 

If T corresponds to a PT-symmetric operator H in (I2.2ip . which is 
self-adjoint in the Krein space [T-L, [■, -J-p^), then the coefficients aj of T 
satisfy (I2.32p and (I2.33p . due to Theorem 12. 11[ In that case, comparing 
(I2.3ip and (I2.35P and taking into account that 

= e'^'^V = {cosC)V + iisin^nV, 

we obtain the following relationship between aj and Pj: 

/3o = ao e M, /3i = (ai cos^+aasin^) e M, ^2 = 0^2 e iM, ^3 = 0. 

Thus, the PT-symmetric operators H in (I2.2ip . which are also self- 
adjoint operators in the Krein space ("H, [^-jp^) are distinguished by 
the operator-parameters 

T = /3o/ + /3ln + /327^, (2.36) 

with /3o,/3i e M and /^s G 

The operator C = e^^^^'^V^ has a simple presentation with respect 
to the unitary involutions and TZ: 

C = e^^^^V^ = (cosh x)V^ + i{smh x)7^. (2.37) 

It follows from ^Ml, and (12:371) that CTj = TjC, j = 0, 1. 

Then, repeating the proof of Lemma 12.91 with the use of C instead of 
VT, we deduce that the relation CHf = HCf holds for all / G V{H) 
if and only if the identity CT = TC holds on H. 

A simple calculation with the use of (12.360 and (12.370 shows that 
the operator identity CT = TC is equivalent to the condition (32 = 
z/3itanhx. Substituting this expression into (I2.36p . we obtain 

T = /3o/ + ^^([cosh x]I + ^[smh x]^^)^? = ^ol + -^e^'^^^V^, 
cosh X cosh X 

where (3o,/3i are arbitrary real parameters. This leads to (12.340 if we 
set /3i = ^^^'^ . Theorem 12. 121 is proved. ■ 



Since H has dimension 2. 
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3. Elements of the Lax-Phillips scattering scheme. The 

self-adjoint case 

3.1. Definition of free and perturbed evolutions. For developing 
a Lax-Phillips scattering theory for the operator-differential equation 

—u = -Hu, (3.1) 

one should first define a free and a perturbed dynamics, which satisfy 
the requirements of the Lax-Phillips approach [23]. For the operator- 
differential equation fl3.ip with a nonnegative self-adjoint operator H 
acting in a Hilbert space this problem was analyzed in [201 EI]- We 
briefly outline the principal points. 

A symmetric operator i? in a Hilbert space S) is called simple if it 
does not induce a self-adjoint operator in any proper subspace of Sj; 
B is called maximal symmetric if one of its defect numbers is equal to 
zero. 

In what follows, without loss of generality, we assume that the defect 
number of B vanishes in the lower half plane C_, that is, TZ{B—zI) = Sj 
for all z G C_ = {z G C : Im 2; < 0}. In that case the simple maximal 
symmetric operator B has the representation: 

B = X-\-^X, D{B) = X-^{u{x) G W^{R+, N) \ u{0) = 0}, 

(3.2) 

where X isometrically maps onto L2(M+,A^) and the dimension of 
the Hilbert space N is equal to the nonzero defect number of i? [2]. 

It follows from (13.21) that the operator B^ is unitarily equivalent to 
the operator defined on {u{x) G Wi{R+,N) \ u{0) = u'{0) = 0} 
in L2 (ffi+ , A'") . Therefore, B^ is a nonnegative symmetric operator in 

Definition 3.1. A self- adjoint extension H of B^ in the Hilbert space 
is called a (Lax-Phillips) unperturbed operator if 

iHfJ) = \\B*f\\\ yfeViH). (3.3) 

Let H be an unperturbed operator in S). Denote by Sjh the comple- 
tion of the domain T>{H) with respect to the norm || ■ ||^ := {H-, •). In 
the energy space (S = Sjh © ^, the equation ( 13. ip naturally defines a 
unitary group Wnit) of solutions of the Cauchy problem [23] . 



14 



S. ALBEVERIO AND S. KUZHEL 



Denote by D_ resp. the closures (in &) of the set^ 

{{-Wu)} {{wu)}' V.eD(B=). (3.4) 

The subspaces D_ and are, respectively, incoming and outgoing 
subspaces for Wnit) in the sense that: 

(2) WH{-t)D^cD^, WH{t)D^cD+, t>0; 

(^^) a>o W^H(-t)I^- = a>o W^H(t)I^+ = {0}; (3.5) 

(Hi) D^®D+ = e 

(the sign © means the orthogonality in 0). 

The conditions (13. 5p characterize the free evolution in the Lax-Phillips 
scattering framework |20l [23]. Therefore, Eq. (13. ip with an unper- 
turbed operator H determines the Lax-Phillips free evolution Wuit)- 

It is easy to check that the relation (13. 3p holds for the Friedrichs ex- 
tension = B*B oi B^. Therefore, i/^ is an example of unperturbed 
operator in the sense of Definition 13. 1[ 

In what follows, for definiteness, we will assume that the free evo- 
lution is determined by the unitary group of operators WH^{t), where 
is the Friedrichs extension of B'^ . 

Definition 3.2. A nonnegative self-adjoint operator H in a Hilbert 
space is called perturbed if Sj contains Sj as a subspace and H is an 
extension of B^ . A perturbed operator H is called 0-perturbed if = S). 

Likewise, Eq. (13. ip with a perturbed operator H on the right hand 
side determines a unitary group Wnit) of solutions of the Cauchy prob- 
lem in the new energy space (3h = ® ^, which contains C5 as a 
subspace. 

The subspaces D± defined above belong to &h and they satisfy the 
conditions (i), (ii) of (13. 5p with respect to the group of unitary operators 
Wnit). This corresponds to the case of perturbed evolution defined in 
the Lax-Phillips scattering scheme [23] ■ Thus, Eq, (13. ip with perturbed 
operator H determines the Lax-Phillips perturbed evolution. 

3.2. Scattering matrix. Definition and calculation. The exis- 
tence of the same incoming D_ and outgoing subspaces for the 
unperturbed Wu^if) and the perturbed Wuit) groups allows one to 



^We present elements of i&h as ( ) , where u G and v £ 9). 
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establish the existence of the wave operators 

Q± = s- Urn WH{-t)WH,{t), 

which turn out to be complete if H is 0-perturbed [211 Proposition 2.1]. 

A unitary mapping F of the energy space & onto L2(M, A^) that 
defines a spectral representation of the unperturbed group Wh,, (t) can 
be constructed with the use of pOlgl]- 

The scattering operator in the spectral representation 

can be realized as the operator of multiplication by a function S{6) {6 G 
M) whose values are contraction operators in the auxiliary space N. 
The function S((5) is called the scattering matrix for the perturbed group 
Wnit). 

Since the subspaces D_ and defined by (13. 4p are orthogonal in 
the energy space (3h, the standard arguments [23j lead to the conclu- 
sion that the scattering matrix S((5) is a boundary value in the sense 
of strong convergence of a contraction operator-valued function §>{z) 
analytic in the lower half-plane. 

The function Ei{z) is closely related to the perturbed operator H and 
the investigation of the relationship between E>{z) and H is the proper 
subject of Lax-Phillips scattering theory. 

The common feature of the unperturbed and the perturbed H 
operators is that they are extensions of a given symmetric operator B^. 
This gave rise to a simple recipe for finding §(2;) [2Tj . 

In particular, if H is 0-perturbed operator in the sense of Definition 
13.21 then if is a nonnegative self-adjoint extension of acting in S). In 
that case, H is defined by ([MiD, where T = [{H + 1)-^ -{H^ + I)-^] \u 
is a bounded operator in l-L = ker(i?*^ + I). The dimension of 1-L 
coincides with the dimension of the auxiliary space N in the definition 
of the scattering matrix. Therefore, we can identify 1-i and N . 

Theorem 3.3 ([21j). If H is a 0-perturbed operator, then the analytic 
continuation §(2) of the scattering matrix S{6) for the perturbed group 
Wnit) has the forn^ 

I -2(1+ iz)T ^ , , 

where T is taken from \2.21\) . 



'we use the notation ^ for the inverse operator X 
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4. Elements of the Lax-Phillips scattering scheme. The 

pt-symmetric case. 

4.1. Preliminaries. In what follows we assume that a simple maximal 

symmetric operator B commutes with elements of the Clifford algebra 
Cl2{V,7V) and anti-commutes with T. This means that the following 
operator identities hold on T>{B) (see Remark 12.21) : 

VB = BV, KB = Bn, TB = -BT. (4.1) 

It is easy to see that the analogous commutation properties remain true 
for the adjoint operator B*: 

VB* = B*V, KB* = B*n, TB* = -B*T. (4.2) 

It follows from (gl]) and (g^D that 

VX = XV, TZX = Xn, TX = XT, X G {B\ B*\ H^}. (4.3) 

Consider the Hilbert space Sj endowed with the new inner product 
Oc = i'P^C-,-) defined by f l2.17p . Since C resp. V^ are defined as: 
C = e^'^^^^Vs^ resp. V^ = e*^^P, these operators belong to C^iV, 71) for 
all X £ and ^ G [0, 27r). Therefore, the operators B and B* commute 
with the operator V^C = e'^^'^^ due to dH]) and (g^D- Taking into 
account these commutation properties in the definition (12.171) of new 
inner product (■,-)cwe derive that B keeps being a simple maximal 
symmetric operatoiu with respect to the inner product (■,-)c md its 
adjoint with respect to (■, ■)c coincides with the adjoint B* with respect 
to (■,■)■ 

This means that the Friedrichs extension = B*B oi B^ does not 
depend on (■, ■)c and is a Lax-Phillips unperturbed operator in the 
sense of Definition 13 . 1 1 for any choice of inner product (■, ■)c defined by 

dinD. 

Let an extension H of B^ be a self-adjoint operator in the Krein space 
(io, [-, -Jp^). Assume also that the spectrum of H is nonnegative and, 
for a certain choice of C = e^*^^«Pg, the operator H commutes with 
C, that is, the identity HC = CH holds on V{H). Then the operator 
H turns out to be self-adjoint in the Hilbert space with the inner 
product {■,-)c (see the end of subsection 2.2). Furthermore, this self- 
adjoint operator is nonnegative since the spectrum of H is nonnegative. 
This means that is a 0-perturbed operator in the sense of Definition 
[321 



see the corresponding definition in Subsection 3.1 
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Summing up: the pair of operators and H turns out to he un- 
perturbed and 0-perturbed operators in the Lax-Phillips scheme, respec- 
tively, if we endow the Hilbert space Sj with new inner product (-, ■)c, 
which is equivalent to the initial one (■,■)• This means that we can use 
Theorem l3.3l for this pair of operators and the corresponding scattering 
matrix §(5) has an analytical continuation E>{z) in the lower half-plane, 
which is defined by (13. 6p . 

The values of the function §(2;) are operators in the auxiliary space 
N = %. These operators are contraction operators with respect to the 
inner product (■, ■)c- This property is not preserved if we consider §(2) 
with respect to the original inner product (■,■). The same is true for 
the unitary property of the scattering matrix 

which takes place with respect to inner product (•, •)c only. 

Since C depends on the choice of i/, different inner products (■, ■)c 
in have to be used for various operators H. From this point of 
view, it looks reasonable to consider S(5) with respect to the initial 
inner product (■,■) and to describe the changing of its properties in 
dependence on the choice of C = e^^^^^V^ in (I2.17p . 

Our first result in this direction deals with the description of opera- 
tors T which determine (with the help of (I2.2ip ) self-adjoint operators 
in the Krein space {S), [•, ■]'p^) with nonnegative real spectrum. 

Proposition 4.1. The following statements are equivalent: 

(i) a self-adjoint extension H of in the Krein space (io, [■, -Jp^) 
has a nonnegative real spectrum and HC = CH on T>{H) for a 
certain choice of C = e^'^^^^V^; 

(ii) the operator H is defined by the formula 

H = B*' ViH) = {fe V{B*^) : TTJ = Tq/}, (4.5) 

where T is a bounded self-adjoint operator in the Krein space 
(7/, [■, -j-p^), which commutes with the operator C = e^'^^^^V^ 
and satisfies the inequality 

< e-^'^^^T < ]^e-^^'^i, (4.6) 

which is understood with respect to (■, ■). 

Proof. Remembering (I2.2ip . we conclude that the formula (14.50 de- 
termines a collection of intermediate extensions H of B^ with — 1 G 
p{H) when the parameter T runs the set of bounded operators in l-L. 
According to Lemma r2.10[ a subset of self-adjoint extensions H of B^ in 
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the Krein space {Sj, [■, -jpj is distinguished by the additional condition 
that T is a self-adjoint operator in the Krein space (T-L, [■, -Ip^)- 

Since the boundary operators Tj satisfy (12.261) and fl2.27p . the oper- 
ator C = e^^^^^V^ commutes with Tj. Repeating the proof of Lemma 
12.91 with the use of C instead of "PT, we deduce that the relation 
CHf = HCf holds for all f eV{H) if and only if the identity CT = TC 
holds on "H. Therefore, the operators H and T turn out to be self- 
adjoint, respectively, in the Hilbert spaces Sj and "H endowed with 
the inner product (■, ■)c- Furthermore, i^f is a nonnegative self-adjoint 
extension of B^, due to the assumption about nonnegativity of the 
spectrum of H. 

Using the well-known result [T^] on extremal properties of the Friedrichs 
Hn = B*B and the Krein - von Neumann Hm = BB* extensions of 
B^, we arrive at the conclusion that the self-adjoint extension H of B^ 
is nonnegative if and only if 

{H^ + I)-' <iH + I)-' < {Hm + ir\ (4.7) 

where the operator inequalities are understood with respect to (■, ■)c- 
Since T = [{H + I)'^ - {H^ + I)'^] f^, the inequalities (gZD can be 
rewritten in the following equivalent form 

< T < Tm = {Hm + I)-' - {H, + 

where, without loss of generality, we assume that T f = TmJ = for 
all elements f eS:en = n{B'^ + /). 

It is easy to check (using the presentation (13. 2p and the explicit 
formulas (I2.19p . (I2.20p for F^) that Tm = \l- Therefore, the operator 
T defines a nonnegative self-adjoint extension H of B^ in (14. 5 p if and 
only if < T < with respect to (•, •)c. Using the explicit formula 
(I2.17P for (-, ■)c we rewrite the obtained inequality in the form (14. 6p . 
which corresponds to the case of initial inner product (■,■). Proposition 
14.11 is proved. ■ 

Corollary 4.2. Let the deficiency indices of B^ be equal < 2,2 > and 
let H be defined by (g]^ with T = (5qI + ^iC, where C = e^^^iV^ and 
Pq, j3i G R. Then H has nonnegative real spectrum if and only if 

< /3o < ^ and < min{]^ - /?o, /?o} (4.8) 

Proof. It follows from Lemma [2. 101 and Corollary 12. 121 that the oper- 
ator H defined by (14.51) with T = l3oI + j3iC is a self-adjoint extension of 
B"^ in the Krein space (i^, [■, -j-p^) and such that the identity HC = CH 
holds on V{H). 
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By virtue of Proposition I4.H the operator H has a nonnegative real 
spectrum if and only if inequality fl4.6p holds, that is 

< e-^*^^« [(3oI + PiC] = /3oe-^*^^« + (3,V^ < ie"'^'^^? (4.9) 

Since the dimension of "H = ker(i?*^ + /) is 2 and the restrictions of 
and TZ onto "H are anti-commuting involutions in "H, there exists an 
orthonormal basis ho, hi of "H such that V^hj = {—lyhj and TZho = hi. 
This means that the operators and TZ in can be identified with 

the Pauli matrices o's = ( ^ '^-i ) and ai = ( ^ ^ ] , respectively. 



Then iTZV^ corresponds to = ( ^ ^.^ 1 and 



-1 ; ' \ 1 



i 



o^-xinv,,n^ ^ ( /3ocoshx + /3i i/3osinhx \ 
+ ^ \ -^^ sinh X /?o cosh x - /?! J " 

The obtained matrix corresponds to a nonnegative operator if and 
only if the equation 

- 2A/3o cosh ^ + /3o - = 

has nonnegative roots. This takes place if /3o > and < /3o- In 
that case, the self-adjoint operator (3oe~^^^^^ + PiV^ is nonnegative in 

n. 

Rewriting /?oe-^*^^« + piV^ < \e-^'^'^i as < ^^e"^*^^? + P[V^, 
where Pq = \ — /3o, P'l = —Pi and repeating the previous arguments we 
obtain | — /3o > and < | — /^q. Therefore, the relations ( 14. 8 p and 
f l4.9p are equivalent. Corollary 14. 21 is proved. ■ 

4.2. Properties of scattering matrix. An arbitrary operator H sat- 
isfying conditions (i) of Proposition 14. II turns out to be 0-perturbed in 
the sense of Definition 13.21 (with respect to (■,■)(;). For such a kind 
of operators, the scattering matrix S(5) and its analytical continuation 
S(z) in the lower half-plane are defined by formulas o.^'^d h3. 6\) . 

respectively. These functions possess additional properties due to the 
properties of operators T from item (ii) of Proposition 14.11 Precisely: 

1. Since T is a bounded self-adjoint operator in ■]-p^), the 
identity V^T = T*V^ holds. Combining this relation with (14.40 we 
obtain that 

V^S{6) = S*{-6)V^. (4.10) 

2. Since T commutes with C the identity CS{6) = E>{6)C holds. 
Combining it with (14.100 and taking into account that C = e^'^^^'^V^ 
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we obtain that 

e-^''^'PiS{S) = §*(-5)e-^*^^«. (4.11) 

For the analytical continuation S(-2), the relations (I4.10p and (14. lip 
are transformed as follows: 

V^Siz) = §*(-2)Pg, e-^^^^«§(2) = §*(-z)e-'^*^^«. 

The scattering matrix S{6) admits an 'external' description in the 
sense of the following Theorem. 

Theorem 4.3. Let B be a simple maximal symmetric operator in Sj 
which commutes with the elements of the Clifford algebra Cl2{'P,TZ). 
Then an operator-valued function S(5), the values of which are bounded 
operators in a Hilbert space H = ker(i?*^ + -^); is the scattering matrix 
for some choice of an operator H satisfying the condition of item (i) 



of Proposition 4-1 'i'f o,f^d only if the following conditions hold: 

(a) the function E>{5) is the boundary value in the sense of strong 
convergence of an operator-valued function §(2;) analytic in the lower 
half-plane and satisfying the inequality 

§*(^)e-^^^^«§(2)<e~^^^^«, V2GC_; 

(b) the identity e'^'^'^iS{z) = ^*{-z)e~^'^^i holds for all z e C_; 

(c) the identity 

{Re z)[e-''''^^i-S*{z)e-^'^^iS{z)] = i{Im z)[§*(z)e-'^'^^^«-e-^*^^«§(2)] 

is true for at least one z G C_ with Re z 7^ 0; 

(d) the identity V^S{z) = S*{—z)V^ holds for at least one z E C_. 

Proof. Let H satisfy the condition of item (i) of Proposition 14.11 
Then i^f is a nonnegative self-adjoint extension of (that is, 0-perturbed 
operator) in the Hilbert space endowed with the inner product (-, ■)c- 
In that case, the scattering matrix corresponding to H has an analytical 
continuation S{z) in the lower half-plane and characteristic properties 
of S(z) are known [2n Theorems 4.1, 4.2]. We formulate them using 
the notation SW(-) for the adjoint of §(■) with respect to the inner 
product (■, ■)c in Ti. Namely: 

(a') S^*\z)S{z) < I; {h') §(2)=§W(_^) 

for all 2; G C_ and 

(cO {Re z) [I - §W {z)^{z)] = i{Im z) [§W {z) - ^{z)] 

for at least one z G C_ with Re z 7^ 0. 
It follows from ^TH) that 

§W(-) = e^*^^«§*(-)e-^''^^S (4.12) 
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where §*(■) is the adjoint of §(■) with respect to the initial inner product 
(■, ■) in By virtue of f l4.12p the equivalence between (a), (6), (c) and 
(a'), (6'), (c') is obvious. 

Since H satisfies the condition of item (i) of Proposition I4.H the 
bounded operator T in (14. 5 p is self-adjoint in the Krein space ("H, [■, -J-pJ, 
that is the relation TV^ = V^T* holds on "H. This relation and the ex- 
plicit formula (13. 6p for E>{z) imply (d). Thus, if H satisfies item (i) 
of Proposition 14. then the analytical continuation of the scattering 
matrix §(■) satisfies conditions (a) — (d). 

Conversely, assume that an operator-function E>{6) has an analytical 
continuation Ei{z) in C_, which satisfies (a) — (d). The conditions 
(a) — (c) are equivalent to the conditions (a') — (c'), which mean that S{S) 
is the scattering matrix for a nonnegative self-adjoint extension H of 
B"^ in the Hilbert space endowed with the inner product (e~^*^^«-, ■); 
[2T| Theorems 4.1, 4.2]. In this case, §(2;) is determined by (13.61) . where 
T is a bounded operator in H. The operator T defines H via formula 
(14.51) and it can be expressed (from (13.61) ) as 

1 1 -I- ?V 

T = ^^-—^iI-S{z)mz)-eiz)ir\ ^W = Y^' (4-13) 

where the right-hand side does not depend on z E C_ (see [21] for 
details) . 

Using condition (rf), we deduce from (14.131) that T satisfies the rela- 
tion V^T = T*V^ on H. Therefore, T is self-adjoint in the Krein space 
(Ti, [■, ■]v^)- Then, by Lemma [2.101 H is a. self-adjoint operator in the 
Krein space (fi, [-, ^v^)- Thus, V^H = H*V^ on V{H). 

On the other hand, as was mentioned above, if is a self-adjoint 
operator with respect to the inner product (e"'^*^^^-, ■) in S). This 
means that the relation e'^^^^ = H*e'^^^i holds on V{H), where 
H* is the adjoint of H with respect to the initial inner product (■, ■). 
Here e~'^*^^« maps 'D{H) onto V{H*) and, hence, the latter relation is 
equivalent to the relation e^^^^^H* = ife^*^'^^, which holds on V{H*). 

Combining the obtained operator identities we conclude that 

CHf = e^'^'^^V^Hf = e''^'^^H*V^f = He'^^'^^V^f = HCf 

for all elements / G V{H). Thus H commutes with C. Summing up 
the properties of H established above we conclude that H satisfies the 
condition of item (i) of Proposition 14.11 Theorem 14.31 is proved. ■ 



Corollary 4.4. Let H be an operator satisfying item (i) of Proposition 
4-l\ Then H is VT- symmetric if and only if the analytical continuation 
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§(2;) of its scattering matrix satisfies the relation 

vrs{z) = s{-z)vr, V;zec_. (4.14) 

Proof. If H satisfies item (i) of Proposition 14. H then its scattering 
matrix has an analytical continuation E>{z) with properties (a) — [d). 
Furthermore, E>{z) is determined by (13. 6 p and formula ( 14.13P holds. 

At the beginning of Section 4 we suppose that the operator B pos- 
sesses properties (14. ip . Then the operators B*^ and commute with 
VT due to (14. 3p . This means that the boundary operators Tj in (l2.2Up 
commute with VT. Therefore, H is PT-symmetric in if and only if 
the corresponding operator T is PT-symmetric in "H; Lemma 12.91 In 
this case, formula (13. 6p shows that S{z) satisfies (I4.14p . 

Conversely, if ( KWf holds, then VTT = TVT due to (1413|) and H 
is PT-symmetric thanks to Lemma 12.91 Corollary 14.41 is proved. ■ 

4.3. One dimensional Schrodinger operator with PT-symmetric 
zero-range potential. Let V be the space parity operator: Vf{x) = 
/(— x) and let T be the complex conjugation: T f{x) = f{x) in = 
L2{R). 

The unitary involutions V and TZ = (sgn x)I anti-commute in L2(ffi) 
and these operators are generators of the Clifford algebra Cl2{V,TZ). 
The operator 

B = (sgn x)i^, ViB) = {« e WUW \ {0}) : n(±0) = 0}. 
dx 

is simple maximal symmetric in L2(M) and it satisfies (14. ip . Then the 
symmetric operator 

B^ = - — , V{B^) = {ue W^(R \ {0}) : u{±0) = u'{±0) = 0} 
and its adjoint 

B^* = B*^ = -^, D(5*') = 1^|(M\{0}). 
dx^ 

satisfy K^ . 

Intermediate PT-symmetric extensions of B^ can be interpreted as 
one-dimensional Schrodinger operators corresponding to the formal ex- 
pression with a general zero-range PT-symmetric potential 
V{x) concentrated at the point x = ^ [6]. 

The Friedrichs extension = B*B oi B^ has the form 

H, = V{H^) = {ue W^|(M \ {0}) : ti(±0) = 0} 



'that is, extensions of and, simultaneously, restrictions of B*^ 
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and the boundary operators Tj : V{B*^) Ti defined by fl2.2ip act as 
follows 

ro/(:^) = ^[/(+o) + f{~0)]h + |[/(+0) - /(-0)]/i2 
TJ{x) = 2Tof{x) + [/'(+0) - f{-0)]h + [/'(+0) + f'{-0)]h,, 
where the functions 

'''^'^^ - \ e^ X < - I ^ ^ Q 

form an orthogonal basis of "H = ker(i?*^ + /). 

Identifying hi and h2 with ^ q ^ ^^"-^ with ^ ]' ^ ; respectively, we 
can identify the operators Tj above with the operators 

r f(x) - ^ ( ^(+°) + ^ r fix) - 2T f(x)+( ^'(+°) - ^ 

(4.15) 

mapping onto C2 (we preserve the same notation for Tj). 

Under such the identification of H with C^, the restriction of V and 

71 onto coincide with the Pauli matrices ^3 ~ ^ q '^l ^ ~ 

^ Q ^ , respectively. Then iTZV corresponds to = ^ ^ ^ 
and 

V, = e^^^V ^ as, = e^«-a3 = ( "^'^^^ ] . (4.16) 

^ ^ \^ 2 sm 4 — cos t, J 

It follows from Theorem 12.121 and the identification above that the 
formula fl2.2ip with boundary mappings Tj defined by fl4.15p and with 
matrices 

r = /3oao + /3ie>^^'^i^^«a35, = J J ^ , /3o,/3iGM (4.17) 

determines PT-symmetric extensions H oi B^, which are self-adjoint in 
the Krein space (ij, [■, - j-p^) and they have the property of C-symmetry 
with C = e^'^^^^V,. Therefore, these operators are self-adjoint in the 
Hilbert space L2(M) with the new inner product fl2.17p . 

The trace tr(T) and the determinant det(T) of the matrix T in (14.171) 
are related with the parameters /3o, Pi as follows: 

/3o = ^tr(T), /?2-/?2 = det(T). 
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The self-adjointness of H ensures the reahty of the corresponding 
spectra cr(i7). Employing Corollary 14.21 we conclude that (t{H) is non- 
negative if parameters /3oi/?i in (14.171) satisfy (14.81) . In that case, the 
operators H turn out to be 0-perturbed in the sense of Definition 13.21 
(with respect to the new inner product (I2.17P ) and the analytic con- 
tinuations of the corresponding scattering matrices (13.61) take the form 

^ ^ [1 - 2(1 + tz)/3o]a,^ - [2(1 + zz)/3i]e>^-^-3e 

[l-2(l-2z)/3o]a35-[2(l-iz)/3i]e™e' ^ - 

(4.18) 

In fl4.18p . the matrix contains an information about the Krein 
space (L2(]R), [■, in which a PT-symmetric operator H can be in- 
terpreted as a self-adjoint one (thanks to (14.161) ). while e^^'^^'^^i charac- 
terizes the new inner product (12.171) of -L2(M) with respect to which H 
turns out to be self-adjoint as an operator acting in a Hilbert space. 

The values of S(z) are contraction operators in if and only if /3i = 
0. In that case, the operators H determined by (12.211) with T = /3oO"o, 
< /3o ^ ^ are self-adjoint extensions of which have nonnegative 
real spectra and commute with every element of the Clifford algebra 
Cl2{V,7l). The Friedrichs and the Krein- von Neumann extensions of 
B"^ are distinguished by the endpoints /3o = and /3i = |, respectively, 
and the corresponding functions ^{z) coincide with ctq and — (Tq. 
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